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Integration of geodesi ows on homogeneous
spaes: the ase of a wild lie group
A. A. Magazev
∗
, I. V. Shirokov
†
Abstrat
We obtain neessary and suient onditions for the integrability
in quadratures of geodesi ows on homogeneous spaesM with invari-
ant and entral metris. The proposed integration algorithm onsists
in using a speial anonial transformation in the spae T
∗
M based on
onstruting the anonial oordinates on the orbits of the oadjoint
representation and on the simpleti sheets of the Poisson algebra of in-
variant funtions. This algorithm is appliable to integrating geodesi
ows on homogeneous spaes of a wild Lie group.
1 Introdution
This paper is devoted to the problem of integrating geodesi ows on ho-
mogeneous spaes. We onsider two lasses of metris on a homogeneous
right G-spae M = G/H onneted with the transformation group, namely,
the G-invariant metris and the so-alled entral metris, whose denition is
given in Se. 2. In this paper, we obtain neessary and suient onditions
for the integrability in quadratures of geodesi ows for suh metris. These
onditions are expressed in terms of nonnegative integers (the degree of de-
generay, index, and defet of the homogeneous spae) that an be easily
found from the well-known struture onstants of the algebra G of the group
G and subalgebra H of the isotropy group H . We note that the spaes with
zero defet are ommutative spaes whose speial ases are symmetri and
weakly symmetri spaes.
The algorithm for integrating geodesi ows onsists in using a speial
anonial transformation in the spae T ∗M based on onstruting the anon-
ial Darboux oordinates on the orbits of the oadjoint representation and
∗
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on the simpleti sheets of the Poisson algebra of invariant funtions. In the
trivial ase of a ommutative group G, this anonial transformation onsists
in the transition to the "ationangle" variables. As we show in this paper,
the proposed integration algorithm is espeially useful in the ase where G
is a wild Lie group with a non-Hausdor orbit spae.
The study of wild Lie groups is of onsiderable interest for group represen-
tation theory and mathematial physis. The harateristi feature of these
groups is that there are several nonequivalent ways of deomposing their reg-
ular representations into irreduible omponents. The AuslanderKostant
theorem [1℄ gives a riterion for assessing whether a simply onneted solv-
able Lie group belongs to the lass of wild Lie groups in terms of the orbits
of the oadjoint representation (K-orbits). In partiular, a Lie group is wild
if the Kirillov simpleti form on a K-orbit is not exat or if the spae of
the K-orbits of this group is nonsemiseparated (and, as a onsequene, non-
Hausdor). Examples of suh groups are given in [2℄.
In this work, we are interested in wild Lie groups with a non-Hausdor
orbit spae. This interest is mainly beause the non-Hausdor harater of
the spae of K-orbits beomes important when geodesi ows are integrated
on homogeneous spaes endowed by the metris onneted with this group,
namely, by G-invariant and entral metris. In these ases, geodesi ows
allow for an innite-valued integral of motion whose values form a dense
subset of the real axis or an open segment. It is lear that level surfaes of
suh an integral are not well dened and the standard methods of integrating
Hamiltonian systems are inappliable in this ase.
We onsider the ve-dimensional solvable wild Lie group with a non-
semiseparated spae of K-orbits desribed in [2℄. As shown in the present
work, there are three nonequivalent four-dimensional homogeneous G-spaes
and the group G ats eetively on only one of them. Passing to the anonial
oordinates on a K-orbit [3℄, we integrate the geodesi ow on this homoge-
neous spae endowed by the entral metri. This paper is essentially based
on the results in [3℄, [4℄.
2 Geodesi ows on homogeneous spaes with
entral metris
Let G be a onneted real n-dimensional Lie group, g be its Lie algebra, H
be an (n−m)-dimensional subgroup of the group G, h be the Lie algebra of
the group H , M = G/H be the homogeneous right m-dimensional G-spae,
and pi : G → M be the anonial projetion of the group G onto the spae
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M of right osets.
Let G(·, ·) be a nondegenerate quadrati form on the otangent plane at
the unity of the group g∗ ∼= T ∗eG. The nondegenerate form G determines a
metri on the group G at the unity. Ating on the form G by right and left
shifts, we obtain right-invariant (G
R
g = R
∗
gG) and left-invariant (G
L
g = L
∗
gG)
metris on the group at an arbitrary point g ∈ G,
G
R
g (σ, τ) = G(R
∗
g−1 σ,R
∗
g−1 τ), G
L
g (σ, τ) = G(L
∗
g−1 σ, L
∗
g−1 τ), (1)
where σ, τ ∈ T ∗gG. We projet the right-invariant metri onM : G
R
x = pi∗G
R
g ,
x = pi(g):
G
R
x (σ, τ) ≡ G
R
g (pi
∗σ, pi∗τ), σ, τ ∈ T ∗xM. (2)
Beause the left shift g → hg by an arbitrary element h ∈ H takes eah point
x ∈ M to itself, we an show that denition (2) of the quadrati form GRx is
orret only if the form G is Ad∗H-invariant,
G(Ad∗h·,Ad
∗
h·)| h⊥ = G(·, ·)| h⊥. (3)
Beause the group G ats on M by right shifts and the metri GRg is
right-invariant, the quadrati formG
R
x on T
∗
xM is G-invariant for every Ad
∗
H -
invariant form G. The obvious equality pi∗(h) = 0 implies that at the point
x0 = pi(H) ∈ M , the spae T
∗
x0M is naturally identied with the spae h
⊥
,
T ∗x0M
∼= h⊥ = {λ ∈ g∗ | 〈λ, h〉 = 0} ⊂ g∗.
The form G
R
x0 at the point x0 is therefore nondegenerate if
rankG(·, ·)| h⊥ = dimM. (4)
By the G-invariane of the quadrati form GRx , ondition (4) is not only
neessary but also suient for the nondegeneray of this form at an arbi-
trary point x ∈ M . The nondegenerate quadrati form G on g∗ satisfying
onditions (3) and (4) thus determines the G-invariant Riemannian metri
G
R
x on M by formula (2). We note that the signature of this Riemannian
metri is determined by the signature of the quadrati form G| h⊥.
Analogously, we dene the quadrati form G
L
x on T
∗
xM by projeting the
left-invariant metri G
L
x = pi∗G
L
g ,
G
L
x (σ, τ) ≡ G
L
g (pi
∗σ, pi∗τ), σ, τ ∈ T ∗xM. (5)
By the left-invariane of the metriG
L
g , the quadrati formG
L
x is well dened
by (5) for any hoie of the form G. Condition (4) is the ondition for the
3
nondegeneray of the form G
L
x in a neighborhood of the point x0. It an be
shown that the form G
L
x is nondegenerate at all points x ∈M if
rankG(Ad∗g·,Ad
∗
g·)| h⊥ = dimM. (6)
The nondegenerate quadrati form G
L
x (5) obtained by projeting the
left-invariant metri G
L
g (1) on the right oset spae M = G/H determines a
Riemannian metri on M , whih we all the entral metri. Beause ondi-
tion (3) is not neessarily satised in this ase, entral metris form a wider
lass of metris onneted with the Lie group on a homogeneous spae than
G-invariant metris (2).
Let {eA} be a basis of the algebra g, and let {e
A} be the dual basis of g∗,
〈eA, eB〉 = δ
A
B. The linear spae g an be viewed as the dual spae of g
∗
. The
form G and the left-invariant metri G
L
g on the group G are then written as
G = GABeA ⊗ eB, G(e
A, eB) = GCDeC(e
A)⊗ eD(e
B) = GAB,
G
L
g = L
∗
gG = G
AB[(Lg)∗eA]⊗ [(Lg)∗eB] = G
ABξA(g)⊗ ξB(g), (7)
where ξA(g) are the left-invariant vetor elds on the group G. Let {z
i}, i =
1, . . . , n, be the oordinates of an element g ∈ G. In these oordinates, the
omponents of the left-invariant metri are given by
gij(z) = GLg (dz
i, dzj) = GABξiA(z)ξ
j
B(z). (8)
Any element of the group an be represented as g = hs(x), where h ∈ H
and s(x) is a smooth loal setion s : G → M of the prinipal bundle
(G,M, pi,H), pi ◦ s = id. Let {ya¯}, a¯ = 1, . . . , n−m, and {xa}, a = 1, . . . , m,
be the respetive loal oordinates on the ber H and on the base M . In
these oordinates, we have
ξA(g) = X
a
A(x)∂xa + ξ
a¯
A(y, x)∂ya¯ , pi∗ξA(g) = X
a
A(x)∂xa . (9)
Obviously, the vetor elds XA(x, ∂x) = X
a
A(x)∂xa form the Lie algebra g,
[XA, XB] = C
C
ABXC , and are the generators of the transformation group G
ating on M (here, CCAB are the struture onstants of the algebra g in the
basis {eA}). In the loal oordinates, the omponents of the entral metri
are given by
gab(x) = GABXaA(x)X
b
B(x). (10)
We show how the geodesis for the respetive metris (8) and (10) on G
and M are related (we assume that the onnetions are ompatible with the
metris).
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The manifold T ∗G is endowed by the natural simpleti struture
p = pidz
i, ω = dp = dpi ∧ dz
i. (11)
By relations (11), the geodesi equation
d2zi
dt2
+ Γijk
dzj
dt
dzk
dt
= 0
an be represented in the Hamiltonian form
dzi
dt
= {H˜, zi},
dpi
dt
= {H˜, pi} (12)
with the Hamiltonian H˜(z, p) = (1/2)gij(z)pipj .
The left-invariant vetor elds ξA(g) form a basis of the tangent spae
TgG at eah point g ∈ G. Analogously, the left-invariant 1-forms ω
A(g) =
ωAi (z)dz
i
form a basis of the otangent spae T ∗gG, ξ
i
Aω
A
j = δ
i
j , ξ
i
Aω
B
i = δ
B
A ,
and every vetor T i or ovetor Ti is deomposed in this basis: T
i = TAξiA,
Ti = TAω
A
i . Obviously, a tensor of any order an be deomposed in this
"vierbein" basis; in partiular, the omponents of the matrix G
AB
are the
"vierbein" omponents of metri (8). In the "vierbein" omponents PA =
ξiApi, geodesi equations (12) assume the triangular form
dPA
dt
= {H,PA}
Lie, (13)
dzi
dt
= GABPA(t)ξ
i
B(z), (14)
where H(P ) = (1/2)GABPAPB and {·, ·}
Lie
is the PoissonLie braket on g∗,
{ϕ, ψ}Lie = 〈P, [∇ϕ,∇ψ]〉 = CCABPC
∂ϕ(P )
∂PA
∂ψ(P )
∂PB
,
P = PAe
A ∈ g∗, ϕ, ψ ∈ C∞(g∗).
The mapping µ : T ∗G → g∗ dened by the relation µ(z, p) = PAe
A
with
PA = ξ
i
A(z)pi is alled the moment mapping.
Integrating the geodesi ow for the left-invariant metri is thus redued
to integrating a Hamiltonian system on the oalgebra g∗ given by (13) and
then nding the integral trajetory of the left-invariant nonautonomous ve-
tor eld
ξ(t, g) = GABPA(t)ξB(g). (15)
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We introdue the simpleti form ω on T ∗M , p = padx
a
, ω = dp, and
represent the geodesi equations on the Riemannian spae M with entral
metri (10) in the Hamiltonian form
dxa
dt
= {H, xa},
dpa
dt
= {H, pa} (16)
where
H(x, p) =
1
2
G
ABXA(x, p)XB(x, p), XA(x, p) ≡ X
a
A(x)pa.
We introdue the moment mapping µ: T ∗M → g∗ in a standard way,
µ(x, p) = PAe
A
, where PA = XA(x, p), and represent Hamiltonian system
(16) in the form of equations (13) and the equations
dxa
dt
= GABPA(t)X
a
B(x). (17)
We see that integrating the geodesi ow with the entral metri is redued
to integrating a Hamiltonian system on oalgebra (13) and nding integral
trajetories of the nonautonomous vetor eldX(t, x) = GABPA(t)X
a
B(x)∂xa ,
whih is the projetion on M of the left-invariant vetor eld ξ(t, g) given
by (15). Moreover, it follows from formula (9) that system of equations (14)
onsists of system (17) and the additional system
dya¯
dt
= GABPA(t)ξ
a¯
B(y, x).
Geodesi equations (16) for entral metri (10) are thus a part of geodesi
equations (12) for left-invariant metri (8).
We note that in the ase of the left-invariant metri, the oordinates PA
of the ovetor P = PAe
A ∈ g∗ of system (13) at the initial instant an be
arbitrary, while in the ase of the entral metri, the initial values PA(0) (as
well as the whole trajetory PA(t)) lie on the invariant surfae Ad
∗
G h
⊥ ⊂ g∗,
where Ad∗G h
⊥
is the orbit of the oadjoint representation of the groupG of the
spae h⊥. In other words, the image of the simpleti manifold T ∗M under
the moment mapping µ(T ∗M) is not the entire spae g∗ but its invariant
subspae Ad∗G h
⊥
.
Indeed, we rst set x(0) = x0 = pi(H). Then by denition of the isotropy
subalgebra, we have P 0a¯ = X
b
a¯(x0)p
0
b = Xa¯(x0, p
0) = 0, whih is equivalent to
the equality 〈P 0, ea¯〉 = 0 or 〈P
0, h〉 = 0, i.e., P 0 ∈ h⊥. Now let the initial
point x = x(0) not oinide with the point x0. Obviously, there is an element
g of the group G suh that x = x0g. It an be proved (see, e.g., [4℄) that
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the equality XA(x, p) = (Adg)
B
AXB(x0, p
0) holds, where p = (Rg)
∗p0. We
thus have PA(0) = (Ad
∗g−1P 0)A, i.e., P (0) = Ad
∗
g−1P
0 ∈ Ad∗G h
⊥
. (in other
words, the moment mapping is an equivariant mapping).
Above, we have onsidered the onnetion between geodesi ows with
left-invariant and entral metris. In the onsideration of integrability ques-
tions below, it is onvenient to assume that the left-invariant metri is entral
and the group G in this ase is a homogeneous right G-spae with the trivial
stationary subgroup.
3 The onstrution of anonial transformation
The algebra g of the operators XA(x, ∂x) = X
a
A(x)∂xa generally allows for the
algebra of invariant dierential and pseudodierential operators L(x, ∂x):
[L(x, ∂x), XA(x, ∂x)] = 0.
For ommutative spaes, the algebra of invariant operators is the enter of
the enveloping eld E(g) and onsists of the Casimir operators K(X(x, ∂x)).
Analogously, the funtions XA(x, p) = X
a
A(x)pa on T
∗M form the same Lie
algebra g with respet to the Poisson braket and allow for the algebra of
funtions L(x, p) invariant under Poisson transformations generated by the
algebra g: {L(x, p), XA(x, p)} = 0. We hoose a basis of independent invari-
ant funtions Lµ(x, p). It is obvious that the Poisson braket of the funtions
Lµ(x, p) is funtionally expressed in terms of this set,
{lµ, Lν} = Ωµν(L). (18)
The spae F with the basis {Lµ(x, p)} and nonlinear ommutation relations
(18) is alled the funtional algebra or F -algebra (quadrati algebra, ubi
algebra, and so on).
It is lear that the funtions {Lµ(x, p)} are independent integrals of mo-
tion of Hamiltonian system (16), and in view of the arbitrariness of the form
G, this system has no other symmetries. Passing to triangular form (13) and
(17) also might not lead to the solution of the posed problem. Not only solv-
ing Eqs. (13) but also integrating system (17) an present diulties beause
it is nonautonomous. For example, in the left-invariant metri ase, system
(14) allows for the symmetry algebra g of right-invariant vetor elds for ar-
bitrary funtions PA(t). But aording to the Lie theorem, an n-dimensional
system of ordinary dierential equations is integrable if its symmetry algebra
is solvable, whih is generally not the ase. Below, we show that the integra-
bility of the system on oalgebra (13) is suient for solving geodesi ow
equations (16).
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Hamiltonian systems are integrated as follows. The system is rst re-
strited to the level surfae of the integrals of motion. The redued system
has a ommutative symmetry group generated by Hamiltonian ows of some
integrals of motion whose vetor elds lie on the level surfae of the integrals
of motion. As mentioned in the introdution, the level surfae is ill-dened in
some ases, and the traditional method is inappliable. Below, we desribe
an alternative way to integrate Hamiltonian systems based on onstruting
a speial anonial transformation. We onstrut this transformation using
loal oordinates, and we therefore do not disuss global questions.
The maximal dimension of the orbits of the oadjoint representation (K-
orbits) is equal to n−r, where the number r = ind g is alled the index of the
algebra g. In general, the invariant spae Ad∗G h
⊥
onsists of singular orbits.
Let the maximal dimension of K-orbits belonging to the spae Ad∗G h
⊥
be
equal to n− r − 2sM . The number sM is alled the degree of degeneray of
the homogeneous spae M and is determined by the struture onstants of
the algebra g and subalgebra h by the formula [4℄
sM =
1
2
(dim gλ − ind g), (19)
where λ is a general element of the spae h⊥, gλ is the annihilator of the
ovetor λ.
In general, the funtions XA(x, p) are not funtionally independent, and
there are funtional relations Γ(X(x, p)) = 0 between them, whih are alled
identities. The number of independent identities iM is alled the index of
a homogeneous spae. As shown in [4℄, the index of a homogeneous spae
satises the relation iM = codimAd
∗
G h
⊥
and an be found from the struture
onstants of the algebra g and its subalgebra h,
iM = dim h
λ, hλ = h ∩ gλ. (20)
We introdue the dual spae F∗ = {aµ} of F with the generators aµ, and
we dene the Poisson braket
{ϕ, ψ}F(a) = Ωµν(a)
∂ϕ(a)
∂aµ
∂ψ(a)
∂aν
(21)
in the spae of smooth funtions on F∗. Then C∞(F) beomes a Poisson
algebra. We also introdue the moment mapping µ˜: T ∗M → F by the
relation Lµ(x, p) = aµ. The moment mappings µ: T
∗M → Ad∗G h
⊥
and µ˜:
T ∗M → F determine a bibration. As shown in [5℄, the simpleti sheets Ω ⊂
Ad∗G h
⊥
and Ω˜ ⊂ F∗ are in one-to-one orrespondene: Ω˜ = µ˜(µ−1(Ω)). This
means that the number of nontrivial Casimir funtions Km(P ) on Ad
∗
G h
⊥
8
oinides with the number of Casimir funtions Zm(a) on F
∗
and they an
be hosen ompatible with eah other:
Zm ◦ µ˜ = Km ◦ µ⇐⇒ Zm(L(x, p)) = Km(X(x, p)). (22)
By analogy with Lie algebras, we all the number of nontrivial Casimir fun-
tions on F∗ the index (indF) of the F -algebra. The ompatible simpleti
sheets Ωκ and Ω˜κ indexed by the (indF)-dimensional parameter κ are dened
by
Ωκ = {P ∈ Ad
∗
G h
⊥ |Km(P ) = κm}, Ω˜κ = {a ∈ F
∗ |Zm(a) = κm}. (23)
The dimension and index of the F -algebra are given by the formulas [4℄
dimF = iM + 2dimM − dim g, indF = ind g+ 2sM − iM . (24)
The dimension of the simpleti sheet Ω˜ is dim Ω˜ = dimF − indF = 2d(M).
The nonnegative integer d(M) is alled the defet of the homogeneous spae
M . For spaes with zero defet, the algebra of invariant operators is ommu-
tative and belongs to the enter of the enveloping eld [4℄. Spaes with zero
defet are therefore ommutative spaes. The lass of ommutative spaes
inludes all symmetri and weakly symmetri spaes [6℄. In [7℄, ommutative
spaes were studied by geometri methods. In this onnetion, we note that
to establish the ommutativity of a spae, it sues to nd its defet
d(M) =
1
2
dim g/gλ − dim h/hλ. (25)
Let the (indF)-dimensional real parameter j index the orbits of maximal
dimension in Ad∗G h
⊥
, and let λ(j) be a representative of the orbit Oλ(j) ⊂
Ad∗G h
⊥
. On the orbit Oλ(j), we introdue the Darboux oordinates (piα, q
α
)
in whih the Kirillov simpleti form [1℄ has the anonial form
ωλ =
(n−r)/2−sM∑
α=1
dpiα ∧ dq
α.
In the overwhelming majority of ases, the ovetor λ ∈ g∗ has a normal
polarization p ⊂ gC:
dim p = dim g−
1
2
dimOλ, 〈λ, [p, p]〉 = 0.
In this ase, the transition to the anonial oordinates is determined by the
expression [3℄
PA = PA(q, pi, j) = P
α
A(q)piα + χA(q, λ(j)), (26)
9
and we have
Km(P (q, pi, j)) = κm(j), det
∥∥∥∥∂κm(j)∂jk
∥∥∥∥ 6= 0. (27)
Analogously, we pass to the anonial oordinates (u, v) on the simpleti
sheet Ω˜κ(j) given by (23):
aµ = aµ(u, v, j); Zm(a(u, v, j)) = κm(j). (28)
We extend the simpleti spae Ω× Ω˜ with the form dpi∧dq+ dv∧du up
to a simpleti spae K homeomorphi to the spae T ∗M by adding indF
pairs of anonially onjugate quantities (τ, j) and dening the simpleti
form
ω˜ =
(n−r)/2−sM∑
α=1
dpiα ∧ dq
α +
d(M)∑
α¯=1
dvα¯ ∧ du
α¯ +
indF∑
m=1
djm ∧ dτ
m
(29)
onK. We further dene a (loally) one-to-one transition from the oordinates
(x, p) on T ∗M to the oordinates (q, pi, u, v, j, τ) on K suh that ω = ω˜.
The moment mappings µ and µ˜ are Poisson mappings T ∗M → K,
{ϕ ◦ µ, ψ ◦ µ} = {ϕ, ψ}Lie ◦ µ, {f ◦ µ˜, h ◦ µ˜} = {f, h}F ◦ µ˜,
where ϕ, ψ ∈ C∞(g∗) and f, h ∈ C∞(F∗). In loal oordinates, they have
the form
XA(x, p) = PA(q, pi, j), Lµ(x, p) = aµ(u, v, j). (30)
Relations (30) impliitly dene the variables (q, p, u, v, j) as funtions of the
variables (x, p). In partiular, the equalities Km(X(x, p)) = κm(j) impliitly
dene the funtions jm = jm(x, p).
We also dene the mapping T : T ∗M → K by the relation
Tm(x, p) = τm. (31)
Obviously, the mapping Λ = (µ, µ˜, T ) : T ∗M → K is simpleti, i.e., takes
the form ω to the form ω˜, if and only if the funtions Tm(x, p) satisfy the
equations
{Tm, jk} = δ
m
k , {T
m, qα} = {Tm, piα} = {T
m, uα¯} = {Tm, vα¯} = 0. (32)
Here, we assume that the variables q, pi, u, v, and j are funtions of x and p
determined by relations (30).
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Beause the forms ω and ω˜ are nondegenerate and the dimension of the
spae T ∗M is equal to that of the spaeK, the mappingΛ dened by relations
(30) and (31) is a loal simpleti one-to-one mapping and therefore realizes
the required anonial transformation.
We note that in the ase of a ommutative group G, the simpleti sheets
Ω and Ω˜ are zero-dimensional and there are no oordinates q, pi, u, and v. In
this ase, the anonial transformation onsists in passing to "ationangle"
variables, where j are the "ation" variables and τ are "angle" variables.
4 Integration of a geodesi ow with G-invariant
metris
Beause for a G-invariant metri, the Hamiltonian of the geodesi ow is a
G-invariant funtion under the indued ation of the group on T ∗M , it is
a funtion of the basi invariants Lµ(x, p), i.e., H = H(L(x, p)). The same
holds for an arbitrary G-invariant funtion H(x, p) on T ∗M . For this reason,
we study the integrability of system (16), where the Hamiltonian H is an
arbitrary G-invariant funtion on T ∗M .
After anonial transformation (30), (31), the Hamiltonian H(L(x, p))
passes to the Hamiltonian H˜(u, v, j) = H(a(u, v, j)) , and Eqs. (16) beome
duα¯
dt
=
∂H˜(u, v, j)
∂vα¯
,
dvα¯
dt
= −
∂H˜(u, v, j)
∂uα¯
, (33)
dq
dt
=
dpi
dt
=
dj
dt
= 0,
dτm
dt
=
∂H˜(u, v, j)
∂jm
. (34)
System of equations (34) is integrated elementarily if the solution of sys-
tem (33) is known. The integrability of the initial G-invariant Hamiltonian
system is thus equivalent to the integrability of system (33).
It is lear that Hamiltonian system (33) is the result of the redution of
initial Hamiltonian system (16) on the 2d(M)-dimensional simpleti sheet
Ω˜κ(j). For d(M) = 0 (whih orresponds to the ommutative spae ase),
there are no variables u and v and no system (33). Hamiltonian system (33)
is also integrable for d(M) = 1. In this ase, using the Hamiltonian H as
an integral of motion, we an easily obtain solutions in quadratures. It is
obvious that system (33), in general, is not integrable for d(M) > 1.
We note that nding the algebra of invariant funtions and onstruting
the anonial variables on the simpleti sheets Ω and Ω˜ and the funtions
Tm(x, p) is redued to quadratures. We thus obtain the following statement.
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Theorem 1 An arbitrary G-invariant Hamiltonian system on T ∗M redues
to an autonomous 2d(M)-dimensional Hamiltonian system. In partiular, it
is integrable in quadratures if and only if d(M) < 2.
In [8℄, [9℄, a riterion for the integrability of arbitrary G-invariant Hamil-
tonian systems on T ∗M in the lass of Noether integrals is given. In our
notation, this riterion has the form
1
2
dim g/gλ + dim gλ/hλ = dim g/h.
It follows from formula (25) that this ondition is the zero-defet ondi-
tion, d(M) = 0. But there is no ontradition with Theorem 1, beause for
d(M) = 1, the Hamiltonian H of system (16) does not belong to the lass
of Noether integrals. We reall that the lass of Noether integrals onsists of
the funtions on T ∗M of the form ϕ ◦ µ, ϕ ∈ C∞(g∗). As a onsequene, we
obtain the following riterion for the ommutativity of a homogeneous spae.
Corollary 1 An arbitrary G-invariant Hamiltonian system on T ∗M is in-
tegrable in the lass of Noether integrals if and only if the spae M is om-
mutative.
As an example, we onsider the unsolvable ve-dimensional Lie group G
whose algebra g has the following nonzero ommutation relations:
[e1, e4] = −e1, [e1, e5] = e2, [e2, e3] = e1, [e2, e4] = e2,
[e3, e4] = −2e3, [e3, e5] = e4, [e4, e5] = −2e5.
It is easy to verify that r = ind g = 1.
Let M = G/H be a four-dimensional homogeneous spae with a one-
dimensional isotropy subgroup H whose one-dimensional Lie algebra h is
generated by the vetor e5. By (19), (20), (24), and (25), we have sM = 0,
iM = 0, dimF = 3, indF = 1, and d(M) = 1. Therefore, the spae M is
nonommutative, the algebra of invariant funtions has three generators and
allows for one independent Casimir funtion, and an arbitrary G-invariant
Hamiltonian system on T ∗M is integrable in quadratures but not in the lass
of Noether integrals.
We introdue the loal oordinates x on the group G by the relation
g = ex5e5 . . . ex1e1 . In these oordinates, the funtions X(x, p) and L(x, p) are
given by
X1 = p1, X2 = p2, X3 = x2p1 + p3,
X4 = −x1p1 + x2p2 − 2x3p3 + p4, X5 = x1p2 − x
2
3p3 + x3p4,
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L1 = −e
x4(x3p1 + p2), L2 = −p4, L3 = e
−x4(p1p4 − x3p1p3 − p2p3).
An algorithm for nding the algebra of invariant operators on homogeneous
spaes is given in [4℄, where, in partiular, the example of this G-spae is
analyzed.
We onsider the Hamiltonian system with the most general Hamiltonian
orresponding to the G-invariant metri,
H = H(L(x, p)) =
1
2
c1L
2
1(x, p) + c2L
2
2(x, p) + c3L1(x, p)L2(x, p) + c4L3(x, p),
where ci are onstants. We note that the metri under onsideration is non-
Stäkel, i.e., the orresponding HamiltonJaobi equation annot be inte-
grated using the variable separation method.
The anonial oordinates orresponding to the polarization p = {e1, e2, e5}
on the nondegenerate K-orbit passing through the ovetor λ = (1, 0, 0, 0, j)
are given by
P1 = q1, P2 = −q2, P3 = q1pi2, P4 = −q2pi2 + q1pi1, P5 = q2pi1 +
j
q21
.
In this ase, there is only one Casimir funtion K = P1P2P4+P
2
1P5−P
2
2P3 =
j. The basis elements of the algebra of invariant funtions satisfy the om-
mutation relations
{L1, L2} = L3, {L1, L3} = 0, {L2, L3} = L3.
In the spae C∞(F∗), there is one Casimir funtion Z(a) = a1a3, whih
satises the relation Z(L(x, p)) = K(X(x, p)). It is easy to nd the anonial
oordinates on the simpleti sheet Ω˜ = {a ∈ F∗ | a1a3 = j}: a1 = u,a2 =
−uv,and a3 = j/u. The funtion T (x, p) = [p
2
1(p1x3 + p2)]
−1
is also readily
found.
The required anonial transformation (x, p) → (q, pi, u, v, j, τ) is impli-
itly determined by the equations
p1 = q1, p2 = −q2, x2p1 + p3 = q1pi2,
−x1p1 + x2p2 − 2x3p3 + p4 = q1pi1 − q2pi2,
x1p2 − x
2
3p3 + x3p4 = q2pi1 +
j
q21
, −ex4(x3p1 + p2) = u, p4 = uv,
e−x4(p1p4 − x3p1p3 − p2p3) =
j
u
, p21(p1x3 + p2) = τ
−1.
The Hamiltonian takes the form H˜ = H(a(u, v, j) = (c1u
2+ c2u
2v2− c3u
2v+
c4j/u)/2. The Hamiltonian system with the Hamiltonian H˜ and the phase
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variables (u, v) is easily integrated in quadratures. In this ase, the vari-
ables q, pi, and j are onstants, and the time-dependene of the variable τ is
obtained by integration,
τ(t) =
∫
∂H˜(u(t), v(t), j)
∂j
dt =
∫
c4dt
u(t)
.
5 Integration of geodesi ows for entral met-
ris: The ase of a wild Lie algebra
Geodesi ow equations (16) for an arbitrary entral metri of form (10)
allow for an F -algebra F = {L(x, p)} of integrals of motion. After anonial
transformation (30), (31), these equations beome
dqα
dt
=
dqα
dt
=
∂H˜(q, pi, j)
∂piα
,
dpiα
dt
= −
∂H˜(q, pi, j)
∂qα
, (35)
dτm
dt
=
∂H˜(q, pi, j)
∂jm
,
dvα¯
dt
=
duα¯
dt
=
djm
dt
= 0, (36)
where H˜(q, pi, j) = (1/2)GABPA(q, pi, j)PB(q, pi, j). System (36) is integrated
elementarily if the solution of Hamiltonian system (35) is known. The number
of phase variables (q, pi) of system (35) is equal to dimOλ(j), where λ(j) ∈ h
⊥
.
Theorem 2 The geodesi ow on a homogeneous spae with an arbitrary
entral metri redues to an autonomous dimOλ-dimensional Hamiltonian
system and is integrable in quadratures if and only if
1
2
dimOλ =
dim g− ind g
2
− sM < 2.
In the ase dimOλ = 0, we have H˜ = H˜(j), i.e., there are no equations
(35). This ase orresponds to the G-invariant metri, where H(x, p) is a
Casimir funtion: H(x, p) = K ◦ µ. For dimOλ = 2, the entral metri is
not invariant, and this ase is more interesting. We give a nontrivial example
illustrating the usefulness of applying anonial transformation (30), (31).
We onsider the group G of the matries of the form
 eit 0 z0 eiαt ω
0 0 1

 ,
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where α is an irrational number (parameter), t ∈ R1, and z, ω ∈ C1 (this
group is given in [1℄ as an example of a wild Lie group with a nonsemisep-
arated K-orbit spae). The group G is the semidiret produt of the one-
dimensional subgroup z = ω = 0 and the four-dimensional normal ommu-
tative subgroup t = 0; as a topologial spae, G is homeomorphi to the
Eulidean spae R5. In some basis {eA}, the algebra g of the group G has
the nonzero ommutation relations
[e1, e2] = e3, [e1, e3] = −e2, [e1, e4] = α
2e5, [e1, e5] = −e4.
In the spae C∞(g∗), there are three independent Casimir funtions, i.e.,
r = ind g = 3. On g∗, we introdue the "polar" oordinate system
P1 = σ, P2 = γ sinϕ, P3 = γ cosϕ, P4 = ρ sinψ, P5 =
ρ
α
cosψ. (37)
In these oordinates, the Casimir funtions are written as K1 = γ, K2 = ρ,
andK3 = ψ−αϕ. Beause the variables ϕ and ψ are dened modulo 2pi and α
is an irrational number, the funtion K3 is innite-valued, and at every point
of g∗, its image is a dense subset of the semisegment [0, 2pi). The level surfae
for the integral K3 ◦ µ on T
∗M is therefore undened. We try to integrate
the geodesi ow equations for the entral metri on the four-dimensional
homogeneous spae.
For the given motion group,
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Figure 1: funtion K3
there are three nonequivalent
homogeneous spaes with one-
dimensional isotropy subalge-
bras: {e1}, {e2}, and {e4}.
The group G does not at ef-
fetively in the spaes with the
isotropy subgroups {e2}, {e4};
therefore, we onsider the ho-
mogeneous spae M with the
isotropy subalgebra {e1} be-
low.
In some oordinates, the
funtionsXA(x, p) have the form
X1 = x3p2−x2p3+x1p4−α
2x4p1, X2 = p2, X3 = p3, X4 = p4, X5 = p1.
As the Hamiltonian of the geodesi ow with entral metri (16), we take
the funtion
H(x, p) =
1
2
G
ABXA(x, p)XB(x, p),
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where G
AB
is an arbitrary onstant matrix satisfying ondition (4).
By (19), (20), (24), and (25), we obtain sM = 0, iM = 0, dimF = 3,
indF = 3, d(M) = 0, and Ad∗G h
⊥ = g∗. Beause dimOλ = 2, Theorem 2
is satised, and the Hamiltonian ow is therefore integrable for an arbitrary
entral metri on M . It is easy to nd four ommuting integrals for Hamil-
tonian system (16). In addition to the Hamiltonian itself, there are three
Casimir funtions Km ◦ µ, m = 1, 2, 3. But for the funtion K3 ◦ µ (and any
funtion of this funtion), it is impossible to dene the level surfae, and the
standard method for reduing Hamiltonian systems is therefore inappliable
here. We integrate system (16) using the anonial transformation.
Using the polarization p = {e2, e3, e4, e5} of the funtional λ = (0, 0, j1,
αj2 sin j3, j2 cos j3), we write the anonial oordinates on the K-orbit Oλ(j),
P1 = pi, P2 = j1 sin q, P3 = j1 cos q, P4 = αj2 sin(j3 + αq),
P5 = j2 cos(j3 + αq)
(here, we do not onsider the speial ase of orbits passing through the point
j1 = 0 or j2 = 0). It is easy to nd the onnetion between the anonial
oordinates (pi, q, j1, j2, j3) and the "polar" oordinates on g
∗
given by (37):
σ = pi, γ = j1, ϕ = q, ρ = αj2, and ψ = j3 + αq. The nondegenerate
two-dimensional orbits are one-dimensional brations with the ber loal
oordinates σ = pi over the urve ψ−αϕ = j3  onst on the torus. Beause
α is an irrational number, this urve forms a dense winding on the torus.
In this ase, the eet of the non-Hausdor harater of the orbit spae is
that the quantity j3, whih is dened up to 2pi(n−αm) with n,m ∈ Z, annot
be one of three oordinates in the orbit spae. The Casimir funtion K3
represented in the anonial oordinates is innite-valued and has the form
K3 = j3 + 2pi(n− αm). If we x the value of j3 at the initial moment, then
during the evolution proess (determined by system (12)), the numbers n
andm hange by jumps, i.e., the values of the Casimir funtion K3 jump from
one branh to the other. In Fig. 1, the value of the Casimir funtion K3 =
arctan(P4/αP5)−α arctan(P2/P3) obtained numerially for the Hamiltonian
H = (P 21 + 2P1P3 + 2P1P4 − P
2
4 + P
2
5 )/2 of system (13) is shown as an
illustration.
We note that the ambiguity of the quantity j3 is no obstale to integrating
the geodesi ow with the entral metri using anonial transformation (30),
(31) beause this quantity only enters the funtions sin(j3−αq) and cos(j3−
αq), and the variable q is dened modulo 2pi.
In this ase, the funtions Tm(x, p) are given by
T 1(x, p) =
x2p2 + x3p3√
p22 + p
2
3
, T 2(x, p) =
x1p1 + x4p4√
p21 + p
2
4/α
2
, T 3(x, p) = αx24p1−
x1p4
α.
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The anonial transformation (x, p) → (q, pi, j, τ) is therefore dened by the
expressions
x3p2 − x2p3 + x1p4α
2x4p1 = pi, p2 = j1 sin q, p3 = j1 cos q,
p4 = αj2 sin(j3 + αq), p1 = j2 cos(αq + j3),
x2p2 + x3p3√
p22 + p
2
3
= τ 1,
x1p1 + x4p4√
p21 + p
2
4/α
2
= τ 2, αx24p1 −
x1p4
α
= τ 3.
For an arbitrary matrix G
AB
, Hamiltonian system (35) is two-dimensional
and is integrated in quadratures using the "energy" integral H˜(q, pi, j) =
G
11pi2/2 + A(q, j)pi +B(q, j)/2, where
A(q, j) = j1(G
13 cos q +G12 sin q) + j2(G
15 cos(j3 + αq) +G
14 sin(j3 + αq));
B(q, j) =
1
2
j22α
2
G
44(1− cos 2(j3 + αq))+
+αj1j2G
34(sin(j3 + αq + q) + sin(j3 + αq − q)) + j
2
1G
23 sin 2q+
+αj1j2G
24(cos(j3 + αq − q) + cos(j3 + αq + q)) +
1
2
j21(G
22 +G33)−
−
1
2
j21(G
22 −G33) cos 2q +
1
2
j22G
55(1 + cos 2(j3 + αq))+
+αj22G
45 sin 2(j3 + αq) + j1j2G
25(sin(j3 + αq + q)− sin(j3 + αq − q))+
+j1j2G
35(cos(j3 + αq + q) + cos(j3 + αq − q)).
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